
The re la t ions  we have der ived enable us to de te rmine  not only the effect ive t r an smi s s ib i l i t y  of a med ium 
with c i r cu l a r  inclusions of a r b i t r a r y  concentrat ion,  but also to obtain an analytic solution of the two-d imen-  
sional p rob lem of f i l t ra t ion in a medium with t rans la t ional  s y m m e t r y  of inclusions.  The analytic solution can 
be obtained with any accuracy .  The solution we have p re sen t ed  was obtained in the th i rd  approximat ion  with 
an accuracy  of ~ es. The method used  can also be applied to solve t r ansmis s ib i l i t y  p r o b l e m s  in a med ium with 
inclusions of a r b i t r a r y  shape.  It  is ve ry  in teres t ing that when the concentra t ion of the inclusions is not low, 
the quantity u 0, cha rac te r i z ing  the flux densi ty at infinity for  a p rob l em with widely spaced  inclusions,  loses  its 
original physical  meaning,  and the solution obtained co r re sponds  to f i l t ra t ion of an average  flux density d i f fe r -  
ent f rom u 0. We note that  a s i m i l a r  effect  occurs  also in t rea t ing  t r a n s p o r t  p r o c e s s e s  in a c ry s t a l  la t t ice .  This 
fact  mus t  also be t aken  into account in t r ea t ing  e las t ic i ty  p r o b l e m s ,  for  whose solution the method used in the 
p resen t  a r t i c l e  was or iginal ly developed. 

The author  thanks V. S. Fet isov fo r  drawing his attention to the question of the phys ica l  meaning of a flow 
density speci f ied  at infinity fo r  a medium with t rans la t iona l  s y m m e t r y  of inclusions.  
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T H E R M A L  B O U N D A R Y  L A Y E R  O N  A 

W I T H  D I S T R I B U T E D  H E A T  S O U R C E S  

C Y L I N D R I C A L  G A S  C O L U M N  

Y u .  V .  S a n o c h k i n  UDC 553.6.011 

The study of  s t r e a m  in terac t ion  with a gas  domain where  energy l iberat ion occurs  is of p rac t ica l  and 
theore t ica l  in te res t .  We speak  of p rob l ems  when the leaking gas  pas ses  through the heat  l iberat ion space .  
The si tuat ion mentioned can occur  in meterology,  in s t r e a m  heating in an e lec t r ic  arc  or  other  f o r m  of e l e c -  
t r i ca l  d i scharge ,  in the a i r  cooling of s tabi l ized gas hea t - l ibe ra t ing  e lements  in r e a c t o r s ,  in powerful  e lec t ron  
beam or  other  kinds of penet ra t ing  radiat ion propagat ion in a gas  medium,  etc .  However ,  sys t ema t i c  computa-  
tions of the flow and h e a t - t r a n s f e r  pa t te rns  have been executed in application to conditions for  longitudinally 
a i r - coo led  s tabi l ized a r c s .  Thei r  resu l t s  are  shown mos t  complete ly  in [1-4]. Semiempi r i ca l  numer ica l  
[2, 4] and integral  [1, 3] methods were  used. There  is also a number  of theore t ica l  p a p e r s  of genera l  nature  
on flows with d is t r ibuted  heat  supply (see [5] and the citat ions there) and a cycle of invest igations devoted to 
l a s e r  beam propagat ion  and d i scharges  on a substance (see [6]) which are  p r i m a r i l y  of es t imat ing  nature  in 
the theore t ica l  pa r t .  

The purpose  of this paper  is to compute the t he rma l  boundary l aye r  being fo rmed  during a i r  cooling of 
a cyl indrical  gas  column with a r b i t r a r y  volume heat  sou rces  by an unbounded s t r e a m .  The s ta t ionary  p rob lem 
is examined under  the assumpt ion  that the main  heat  e l iminat ion mechan i sm is heat  conduction. We l imit  ou r -  
se lves  to the case  of longitudinal blowing around the column of hea t  l iberat ing gas .  In the r e fe rence  s y s t e m  
coupled to the f ree  s t r e a m  the p rob lem is fo rmula ted  differently:  de te rmine  the per turba t ion  of the gas  s ta te  
by the moving dis t r ibuted heat  sou rces .  

Moscow. Trans la ted  f r o m  Zhurnal Pr ikladnoi  Mekhaniki i Tekhnicheskoi Fiziki ,  No. 3, pp. 60-63, May-  
June, 1982. Original ar t ic le  submit ted May 6, 1981. 
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1. We i n t r o d u c e  a c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  wi th  z ax i s  d i r e c t e d  a long the s t r e a m  and  o r i g i n  at  the  
c e n t e r  of the  i n i t i a l  s e c t i o n  of a gas  c o l u m n  of r a d i u s  a a r o u n d  which  the s t r e a m  i s  b lown (F ig .  1). The flow 
p a r a m e t e r s  a r e  c o n s t a n t s  in the f r e e  s t r e a m .  In the  c a s e  of an unbounded  s t r e a m  and no g a s  v o r t e x ,  the  p r o b -  
l e m  can  be s i m p l i f i e d  s i n c e  the  m o m e n t u m  equa t ion  a l l o w s  the i n t e g r a l  [1, 2] 

u = u~o = const, p = const, (1.1) 

w h e r e  u i s  the ax i a l  v e l o c i t y  and p i s  the  p r e s s u r e .  The r e m a i n i n g  con t inu i ty  and e n e r g y  equa t i ons  can  be  
s o l v e d  by us ing  the  a p p a r a t u s  of b o u n d a r y  l a y e r  t h e o r y :  

~ (r,o~l + ~~ (1.2) ru~ ~ = O; 

Oh Oh , t 0 [ ~, c~h\ 
pv ~r A- pu~ ~z = ff w- r ~ [ r  -~p 7r); (1.3) 

,oh = ~ h ~ .  (1.4) 

H e r e  v i s  the  r a d i a l  v e l o c i t y ;  h, s p e c i f i c  en tha lpy ;  p ,  dens i t y ;  X, c o e f f i c i e n t  of h e a t  conduc t ion ;  and Cp, s p e -  
c i f ic  h e a t  of the  g a s .  The s o u r c e  d e n s i t y  q d i f f e r s  f r o m  z e r o  fo r  r _ a and can  be r e p r e s e n t e d  in the  g e n e r a l  
c a se  in the  f o r m  

{b~, = const (r ~ a), 
q = b~p ~, b~ = 0 (r > a), (1.5) 

where ba is a factor dependent on secondary parameters for gasdynamics. For a = 1 we have the energy 
liberation law due to ionization energy losses, say, during the passage of charged particles through a sub- 
stance [7]. In other words, this case corresponds to the model of a stabilized electron beam of radius a blown 
off by a gas. If the expression for the Joulean heat is taken instead of (1.5) and Ohmts law is appended to 
(1.2)-(1.4), then we arrive at the equations of an arc [1-4]. The system of equations (1.2) and (1.3) should be 
supplemented by the boundary conditions 

vlr=o = 0, hl~=0 = ha,  hTr+~ = h~+ 
Oh/Orlr= o = O, vlz= 0 = 0, Oh/Ortr..~ = O. 

(1.6) 

2. To s o l v e  (1 .2)- (1 .4) ,  we,  fo l lowing  [1, 3], app ly  an a p p r o x i m a t e  m e t h o d  ana logous  to the  K a r m a n -  
P o h l h a u s e n  i n t e g r a l  me thod .  We def ine  the  f in i t e  t h e r m a l  l a y e r  t h i c k n e s s  A(z) a s  the  magn i tude  of the  d o m a i n  
w h e r e  t he  t h e r m a l  ac t i on  on the s t r e a m  i s  s u b s t a n t i a l  ( s ee  F ig .  1). On the b o u n d a r y  r = A of  the t h e r m a l  l a y e r  
the  gas  en tha lpy  d i f f e r s  f r o m  the  u n p e r t u r b e d  s t r e a m  en tha lpy  h~ by a c e r t a i n  s m a l l  quant i ty .  I n t e g r a t i n g  
(1.2) and (1.3) wi th  r e s p e c t  to  r wi th in  the t h e r m a l  l a y e r  l i m i t s ,  t ak ing  account  of (1.6); and  e l i m i n a t i n g  v(A, z), 
we ob ta in  

d An b,~P~ a2 
" 7 "  ' h ~z ~,o~h~' (2.1) 

where 

A I 

0 0 

H e r e  rl = r / A ,  the  s u b s c r i p t  m i n d i c a t e s  the  va lue  of the  v a r i a b l e s  on the a x i s .  ~ne quan t i ty  A h r e p r e s e n t s  
the  t h i c k n e s s  of the  l a y e r  a c q u i r i n g  the e n t h a l p y .  ~ e  m e a n  g a s  d e n s i t y  wi th in  the  t h e r m a l  l a y e r  b e c o m e s  
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small  as z grows,  and Ah-~ A according to (2.2). To solve the problem, it is sufficient to use a one -pa rame te r  
approximation of the enthalpy profile within the thermal  l aye r  l imits 

h = h= + (h,~ - -  h~,)/(n) (2.3) 
with the boundary conditions 

i(0) = i, 1'(0) = o, I(t) = o, l '(i) = o, l"(l)  = 0 . . . .  (2.4) 

The polynomial f(7/) = (1 - 7/)N(1 + N~), where Iq = 2 if smoothing of the enthalpy profi le on the layer  boundary 
is per formed i n t h e  f i r s t  derivative,  N = 3 if in the f i r s t  and second, etc.,  sat isf ies  the conditions (2.4). Poly-  
nomials of third and fourth power are  ordinari ly utilized in numerical  computations. The coefficient k 1 in (2.2) 
is general ly  a function of P m / P ~  

I 
k~ = ~ 2nt (n) dn (2.5) 

According to (2.5), k 1 -~ 1 for  Pm << Poe and k 1 < 1 f o r P m  ~ Poe. It is allowable to set  it constant (k 1 _ 1) be-  
cause it can be expected that the influence of the inaccuracies  admitted in the initial sect ion will vanish with 
distance f rom the beginning of the layer .  An analogous r e m a r k  can be made about the fac tor  being obtained in 
the integration of (1.5), which is set equal to one in the right side of (2.1). Used as the second differential 
equation is (1.3) on the axis. Setting (2.3) into (1.3) and taking account of (1.6), we find 

dhm ~ 231" (N + t) i'm 
9~u| ~ = b~gm A ~ ~pm (hm - -  h| (2.6) 

Equations (1.4), (2.1), (2.2), and (2.6) fo rm a complete sys tem to determine Pro, hm, Ah, A. Introducing the 
dimensionless var iables  

and setting 

~ml%,,,  = (~|174 

we reduce the sys t em of equations to the fo rm 

d g l &  ~- g-% dg/dx = g~-~ - -  As(g)(g - -  i)V,, 

where 

(2.7) 

A = 2 2 r  k 1 X|174 
a ~ cp~b~p~  " 

The problem therefore  contains a single s imi lar i ty  cr i te r ion  A, whose physical  meaning is evident f rom (2.6). 
The boundary conditions are g(0) = 1, ~(0) = 0. 

3. The solution of (2.7) near  the initial section can be writ ten in the se r ies  

~, g ---- x(l - -  (a /2)x  -~ . , .) ,  g = i -b x "-b . . . (3.1) 

The coefficients for  the subsequent t e rms  of the expansion are  awkward, depend on A, and are not presented.  
The singulari ty in the right side of the second equation in (2.7) is therefore  apparent for  x = 0. 

The case  of smal l  A is of g rea tes t  interest ,  when the heat influx f rom the sources  predominates  over  the 
heat elimination (the case A > 1 corresponds  to the problem of small  perturbat ions of the s t r eam proper t ies  
by energy sources  [5]). For  A = 0 the following simple solution of (2.7) is valid: 

i l n ( l  2c ax)  = l n g ,  g = ( i  + ux) a/~, lp = -~ 

A 2 l (~ --~ (zx) 1]~ I n  ( i  -4- r 
I1 = 7  = ~p (i + ~x)v~ - t 

(3.2) 
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The so lu t i on  (3.2) y i e l d s  the m a x i m a l  va lue  of the  en tha lpy  ( thinning out),  which  can  be  a c h i e v e d  on the ax i s  of 
the  t h e r m a l  l a y e r .  The p r e s e n c e  of h e a t  e l i m i n a t i o n  w i l l  n a t u r a l l y  r e s u l t  in s m a l l e r  q u a n t i t i e s .  A c c o r d i n g  to  
(3.2), the  t h i c l m e s s  of the en tha lpy  a c q u i s i t i o n  l a y e r  g r o w s  c o n s i d e r a b l y  m o r e  s l o w l y  than  the en tha lpy  i t s e l f .  

I t  i s  a l s o  e a s y  to  f ind  the a s y m p t o t i c  of the so lu t i on  of  the p r o b l e m  f o r  x >>1. As  x - -  ~ ,  we have  g - .oo ,  
. . . .  ~ '  -~ 0, g '  ~ 0. Se t t ing  s(g) = gf l ,  we f ind  f r o m  (2.7) 

I t  hence  fo l lows  t ha t  
= A g  ~+~+~. (3.3) 

g (x)~+,:+$ _ g (x~)~+:~+~ I + 2~ + ~ �9 - x~ 
= i + ~ + i ~  A ' (3.4) 

which  a r e  v a l i d  f o r  x > xl(A) >> 1 and x > xz(A) >> 1, r e s p e c t i v e l y .  If x >> x 1, g(x) >> g(xl) and x >> x 2, ~(x) >> 
(x2), t hen  the  fo l lowing  s i m p l e  e x p r e s s i o n s  a r e  ob ta ined ,  r e s p e c t i v e l y ,  f o r  g and r 

1 1 1 -{.- ~ -}- l"i 1-{--(z+ ~ 

A-" r 
g ~ + ~ + ~ ]  ~z-/ , * = ~, +--4-a--4~J ~ )  

(3.5) 

B e c a u s e  of the  above ,  the  s o l u t i o n s  (3.5) p o s s e s s  d i f f e r e n t  a c c u r a c y  f o r  a g iven  x.  F o r  i n s t a n c e ,  f o r  A = 10 -3, 
= 1, fi = 0.5, x = 102 the  e r r o r s  in e v a l u a t i n g  g and ~ a r e  12 and  32%, r e s p e c t i v e l y .  As  x i s  doub led ,  they  

d i m i n i s h  to 7 and 19%. It  is  i n t e r e s t i n g  to  no te  a l s o  the  fo l lowing  p r o p e r t y  of t he  s o l u t i o n s  f o r  A ~ 0. In c o n -  
f o r m i t y  wi th  (3.5), f o r  x > A - ( I + ~ ) / ( ~ + f l )  the  t h e r m a l  l a y e r  t h i c k n e s s  r b e c o m e s  l a r g e r  than  the t h e r m a l  c o n -  
s t a n t  g whi le  f o r  A = 0 a lways  r < g. H o w e v e r ,  i t  shou ld  be  r e c a l l e d  tha t  f o r  v e r y  l a r g e  g the  so lu t i on  of the  
p r o b l e m  is  f o r m a l  in n a t u r e  if  we go ou t s ide  the  f r a m e w o r k  of the  a s s u m p t i o n s  m a d e  in the  i n i t i a l  p h y s i c a l  
m o d e l .  

4. The s o l u t i o n  in the  i n t e r m e d i a t e  d o m a i n  i s  o b t a i n e d  by n u m e r i c a l  i n t e g r a t i o n  of (2.7). The i n t e g r a l  
c u r v e s  f o r  the c a s e  ~ = 1, fi = 0.5 ( a i r  u n d e r  n o r m a l  cond i t ions )  a r e  p r e s e n t e d  in  F i g s .  2 and 3 ( n u m b e r s  at  
the  c u r v e s  a r e v a l u e s  of A) .  As the  h e a t  e l i m i n a t i o n  g r o w s  the l a y e r  t h i c k n e s s  i n c r e a s e s ,  and  the m a x i m a l  
va lue  of the  en tha lpy  ( thinning out) d r o p s  on the l a y e r  a x i s .  I t  i s  s e e n  t ha t  f o r  s m a l l  x the c u r v e s  m e r g e  in 
c o n f o r m i t y  wi th  (3.1). The d a s h e d  c u r v e s  A = 10 -3 a r e  e v a l u a t e d  by the a s y m p t o t i c  f o r m u l a s  (3.5) and i l l u -  
s t r a t e  the  a c c u r a c y  of the e x p a n s i o n s  m e n t i o n e d .  F o r  A = 10 -~ the  e r r o r  in e va lua t i ng  ~ v a r i e s  b e t w e e n  40 and 
60% f o r  200 < x < 500 a c c o r d i n g  to  (3.5).  A c a l c u l a t i o n  by (3.4) wi th  x z = 100 wi l l  y i e l d  an a c c u r a c y  on the 
l e v e l  of  s e v e r a l  p e r c e n t  (the d a s h e d  l ine  A = 10 -'~ in F i g .  3). ~ne d a s h e d  l ine  A = 10 -5 in F i g .  2 i s  a l s o  e v a l -  
ua t ed  f o r  x 1 = 200 a c c o r d i n g  to  (3.4) (eva lua t ion  of g by (3.5) y i e l d s  the  s a m e  r e s u l t  wi th in  10% l i m i t s ) .  

In conc lus ion ,  i t  shou ld  be no ted  tha t  the  i n t e g r a l  m e t h o d  u s e d  in t h i s  p a p e r  wi l l  v i s i b l y  y i e l d  v a l u e s  of 
the  m a g n i t u d e s  of the en tha lpy  and d e n s i t y  on the ax i s  m o s t  e x a c t l y ,  which  a r e  of i n t e r e s t  in p r a c t i c e .  

The  au tho r  i s  g r a t e f u l  to  S. V.  Nikonov f o r  e x e c u t i n g  the n u m e r i c a l  c o m p u t a t i o n s ,  and to  M. A. Vlasov ,  
S. I. Vybornov ,  and A. V.  Z h a r i n o v  f o r  d i s c u s s i o n s .  
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METHOD OF MULTIEXPOSURE PHOTOGRAPHIC RECORDING 

OF PARTICLES IN HIGH-VELOCITY TWO-PHASE FLOWS 

V. M. Boiko, A. A. Karnaukhov, 
V. F. Kosarev, and A. N. Papyrin 

UDC 532.57+621.375 

There  is a b road  c i r c l e  of exper imenta l  p rob l ems  in the gasdynamics  of mul t iphase  s y s t e m s  when it is 
impor tan t  to a s su re  a high fas t  r e sponse  of the measur ing  c i rcui t  in addition to the necess i ty  to m e a s u r e  high 
veloci t ies  of 10-104 m / s e c .  Here  a re  p rob l ems  that occu r  in studying two-phase  pulsed flows, par t ic le  dy-  
namics  behind shocks  in invest igat ions of heterogeneous  detonation or deposit ion of detonation coatings,  e tc . ,  
when the c h a r a c t e r i s t i c  t imes  of the p r o c e s s e s  a re  ~10- i -10  -5 sec .  

l~ should be noted that  veloci ty  m e a s u r e m e n t  in the range 10-104 m / s e c  a s s u r e s  uti l ization of l a s e r -  
Doppler  s y s t e m s  with d i rec t  s pec t rum  analysis  examined in detail  in the su rvey  p a p e r  [1]. However ,  the p r a c -  
t ica l  rea l iza t ion  of l a s e r  doppler  v e l o c i m e t e r  (LDV) c i rcui ts  with a resolut ion t ime  of ~10-5-10 -8 sec  r equ i re s  
the development  of specia l  methods of record ing  the spec t ra ,  which cons t ra ins  the i r  extension to the a r e a  of 
p rob l ems  re la ted  to the invest igat ion of h igh-speed  p r o c e s s e s .  

Here  the development  of a method of mul t iexposure  photographic recording,  based  on the use of a s t robo -  
scopic  light source  yielding the f requency and duration of f r a m e  exposure ,  is of s ignificant  in te res t .  By ap-  
plying such a source  in combination with different  optical s chemes  (shadow, i n t e r f e r o m e t e r ,  holographic) ,  ex -  
tensive  informat ion can be obtained about the flow s t ruc tu re  and par t ic le  p a r a m e t e r s  such as s ize ,  concen t ra -  
tion, and veloci ty  of t he i r  motion, can be de te rmined .  

Up to now, a number  of pape r s  [2-6] is known in which mul t iexposure  photorecording was used to solve 
different  p r o b l e m s ,  fo r  instance,  to invest igate  turbulent  flows [2-3], m e a s u r e  drop veloci ty  [4], convective 
fluid motion [5], par t ic le  f r ee  fal l  [6], etc. ;  however ,  all these  pape r s  r e f e r  to low veloci ty  m e a s u r e m e n t s  
~10 m / s e c .  

The development  of powerful pulse l a s e r s  as well  as optical s y s t e m s  and photographic m a t e r i a l s  with 
high resolut ion p e r m i t s  significant expansion of the poss ib i l i t ies  of this method by increas ing  i ts  response ,  and 
spat ia l  and t ime  resolut ion.  Utilization of a spa t i a l - spec t r a l  method of analyzing mul t iexposure  photographs 
[6] affords  the poss ibi l i ty  of substant ia l ly  s implifying data p rocess ing  and executing m e a s u r e m e n t s  in a broad  
range of concentra t ions .  This pape r  is devoted to development  of a mul t iexposure  photorecording method to 
invest igate  rapidly  p r o g r e s s i n g  p r o c e s s e s  ia he terogeneous  flows. 

1. In pr inc ip le ,  the scheme  fo r  mul t iexposure  recording of a par t ic le  image is the following. Several  
success ive  focussed  images  of a moving two-phase  flow a re  r eco rded  at equal t ime  in te rva ls  At on the ve ry  
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